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The tridiagonal Birkhoff polytope,Ω tn, is the set of real squarematri-
ces with nonnegative entries and all rows and columns sums equal
to 1 that are tridiagonal. This polytope arises in many problems
of enumerative combinatorics, statistics, combinatorial optimiza-
tion, etc. In this paper, for a given a p-face of Ω tn, we determine
the number of faces of lower dimension that are contained in it
and we discuss its nature. In fact, a 2-face of Ω tn is a triangle or a
quadrilateral and the cells can only be tetrahedrons, pentahedrons
or hexahedrons.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
In a previous paper [5], it was given an interpretation in terms of graph theory, of vertices and
edges of the acyclic Birkhoff polytope Ωn(T), where T is a tree with n vertices. This set is the set of
matrices whose support correspond to (some subset of) the edges (including loops) of a ﬁxed tree.
It was introduced the deﬁnition of bicolored subgraph of a simple graph G = (V(G), E(G)), that is a
subgraph G′ of G such that G′ = (V(G′), E(G′)) with E(G′) ⊆ E(G) and the vertex set is a subset of
V(G), where some vertices can be closed, i.e., V(G′) can be partitioned into two subsets. Therefore,
these subgraphs are also known as 2-stratiﬁed graphs (cf. [4]). Let G be a graph and S a subgraph of G.
We denote G\S the spanning graph of G, such that E(G\S) = E(G)\E(S).

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It was also proved that there is an one-to-one correspondence between a face of any dimension
and the union of a ﬁnite number of bicolored subgraphs that can be one of the following types:
1. A closed vertex.
To this type of subgraph we associate an one-by-one matrix A = [1].
2. An open edge.
To an open edge we associate the “adjacency" matrix K =
[
0 1
1 0
]
.
3. This type is not one of the previous two types, and is a bicolored subgraph obtained from any
connected bicolored subgraph of T with all endpoints closed.
To a bicolored subgraph of Type 3 we may associate an “adjacency" matrix such that to closed
vertices and to the edges correspond entries in the matrix equal to one and zero elsewhere.
We also gave the deﬁnition of T-component and inner entry. In fact, a T-component is a bicolored
subgraph of T of Type 3 and an inner entry of a T-component is a closed vertex which is not terminal.
A vertex of the bicolored subgraph that is not terminal is an internal vertex.
In this work we count the faces of lower dimension contained in a given p-face of the tridiagonal
Birkhoff polytope, Ωn(P) = Ω tn, where P is a path with n vertices. Observe that, in this case, the
conﬁguration of a face of dimension greater than 0, has always a T-component with the shape of a
path.
In a recent paper, [6], we present a way to count the edges, the faces and the cells of the tridiagonal
Birkhoff polytope, Ω tn. We also gave a full description of the polytopes Ω
t
3 and Ω
t
4.
In fact, to the path P3
◦ ◦ ◦
we can associate the tridiagonal Birkhoff polytope Ω t3 that is afﬁnely isomorphic to the set:
{
(x, y) ∈ R2|x, y 0 and x + y 1
}
,
and it can be geometrically represented as
Note that, in this casewe only have one 2-face. The three vertices and three edges that are contained
in it are, respectively, represented by:
• • • ◦ ◦ • • ◦ ◦
V1 V2 V3
and
• • • • • • • ◦ •
V1V2 V1V3 V2V3
Observe that, for example to the vertex V3 and to the edge V1V2 we associate the following “adjacency"
matrices:
⎡
⎣1 0 00 0 1
0 1 0
⎤
⎦ and
⎡
⎣1 1 01 1 0
0 0 1
⎤
⎦ , respectively.
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On the other hand, given the path P4,
◦ ◦ ◦ ◦
the associated tridiagonal Birkhoff polytope, Ω t4, is afﬁnely isomorphic to:
{
(x, y, z) ∈ R3|x, y, z  0 and x + y 1, y + z  1, and x + z  1
}
.
Therefore to each vector of the previous set we can associate the following matrix (see [5]):
⎡
⎢⎢⎣
1 − x x 0 0
x 1 − x − y y 0
0 y 1 − x − y − z z
0 0 z 1 − z
⎤
⎥⎥⎦ .
The previous set can be geometrically represented by one of the objects:
As we can see, one face of the previous three dimensional polytope is a quadrilateral while the
others are triangles.
Note that the quadrilateral face is represented by:
• • • •
and it can be determined by two of its four edges:
• • • • ◦ ◦ • • • • • • • • ◦ ◦
V1V2 V2V5 V1V4 V4V5
It has the four vertices:
• • • • ◦ ◦ • •
V1 V2
and
• • ◦ ◦ ◦ ◦ ◦ ◦
V4 V5
One of the triangular faces is, for example:
• • ◦ •
whose three edges and three vertices are, respectively:
• • ◦ • • ◦ ◦ • • • ◦ ◦
V3V4 V3V5 V4V5
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and
• ◦ ◦ • • • ◦ ◦ ◦ ◦ ◦ ◦
V3 V4 V5
Motivated by these examples we are interested in the study of the nature and number of faces of
lower dimension contained in a given p-face of Ω tn. In the next section we determine the maximum
number of different possible T-components that can be present in the bicolored subgraph that repre-
sents a given p-face of Ω tn, with p 2. In Section 3 we give the number of vertices of a given face and
in Sections 4 and 5 we present the number of faces of lower dimension contained in a given 2-face
and a 3-face (a cell) of Ω tn, respectively. In Section 6 we present some applications of the results given
in the previous sections.
We denote the number of l-faces of Ω tn by fl(P), l 0. Throughout the text Hi, where i is a positive
integer, represents the union of a ﬁnite number of bicolored subgraphs of Types 1 and 2; H0 denotes
the empty set and in this case, it is conventioned that, f0(∅) = f0(v) = 1, where v is a vertex of
P. Dahl, (cf. [8]), proved that, for a path P with n vertices, f0(P) = fn+1 where fn+1 is the (n + 1)-th
Fibonacci number. Attending to the Fibonacci’s numbers property: fn+m = fnfm−1 + fn+1fm, we obtain
the following relation fnfm+1 + fn+1fm = fnfm + fn+m, n,m ∈ N.
Recalling the bijection between the faces of any dimension of Ωn(T) and the union of a ﬁnite
number of bicolored subgraphs of Types 1, 2 and 3 (cf. [7]), if T and T ′ are two disjoint trees with n and
n′ vertices, respectively, and if gm is the number of bicolored subgraphs of a graph corresponding to
faces of dimensionm, then, formmin{n, n′},
gm(T ∪ T ′) =
m∑
k=0
fm−k(T)fk(T ′).
2. Number of different conﬁgurations of the T-components in a face ofΩtn
In this sectionweare interested toknowwhat is themaximumnumberof T-components that canbe
present in the bicolored subgraph that represents a p-face. From [5, Proposition 5.1] the conﬁguration
of a p-face ofΩn(T) is the union of bicolored subgraphs of Type 1, Type 2 and t bicolored subgraphs of
Type 3 with ι inner entries and θ closed endpoints such that:
p = θ + ι − t. (2.1)
Observe also that only the bicolored subgraphs of Type 3 vary in shape, the remaining bicolored
subgraphs are static whereas these ones are dynamic. Therefore, to ﬁnd the number of possibilities
that allow us to construct a p-face we only use the number and the shape of the T-components.
In the speciﬁc case of a path, the number of T-components, t, is half of the number of its closed
endpoints, θ . Therefore, the expression (2.1) becomes
p = ι + t, (2.2)
and the total number of T-components included on the representation of a p-face is given by:
t = p − ι. (2.3)
In fact, for each p 1 the points (ι, p − ι), ι 0, lye on the straight line in (2.3) and give all the
possibilities for the number of T-components that can be present in the bicolored subgraph that
represents the p-face. The maximum value of t is reached at ι = 0 and this maximum equals to p.
It follows that, the representation of a p-face can have at most p T-components. Although the num-
ber of internal open vertices present in each T-component can vary, we consider all these possibilities
as the samecase. For example, a T-componentwithout inner entries andwithout internal openvertices
is seen as the sameway as a T-componentwithout inner entries andwith any number of internal open
vertices. From now on, when it is possible, we consider the simplest case, i.e, without internal open
vertices.
The next proposition gives themaximumnumber of T-components that allow us to obtain a p-face.
1388 L. Costa, E.A. Martins / Linear Algebra and its Applications 432 (2010) 1384–1404
Proposition 2.1. The maximum number of T-components that can be present in the bicolored subgraph
that represents a p-face of Ω tn is p.
Example 2.1. The number of T-components that can be present in the bicolored subgraph that repre-
sents a 4-face ofΩ tn is, from Proposition 2.1, equal to 4. As t = 4 − ι, ι 0 and t  1, we have to discuss
the number of inner entries. In fact, if:
∗ ι = 0, then t = 4 and the representation of the face is:
H1 • • H2 • • H3 • • H4 • • H5
∗ ι = 1, then t = 3 and the representation of the face can be the following one (or a permutation
of the position of the three T-components):
H1 • • H2 • • • H3 • • H4
∗ ι = 2, then t = 2.
As 2 = 2 + 0 = 1 + 1, now we can have two situations: one T-component has two inner
entries and the other one does not have inner entries, or each of the T-components has one
inner entry.
In the ﬁrst case, the representation of the face can be the following one (or a permutation of
the position of the two T-components):
H1 • • H2 • • • • H3
In the second case, the representation of the face is:
H1 • • • H2 • • • H3
∗ ι = 3, then t = 1. The representation of the face is:
H1 • • • • • H2
Thus, we can say that the representation of a p-face can have at least one and at most p T-
components. However, when both, ι, t > 1, for determining the distribution of inner entries in each
T-component we must consider all the possible integer partitions of t. Note that it is not easy to
determine the number of these partitions, but it can be determined appealing to generating functions.
3. Number of vertices in a p-face ofΩtn
From previous section we can have at most p T-components in the conﬁguration of a p-face of Ω tn.
Due to the dynamic nature of the bicolored subgraphs of Type 3 only these ones can give origin to
distinct vertices of a face. Next, we present the study of number of vertices contained in a p-face ofΩ tn
in different situations. Firstlywepresent away of counting the number of vertices contained in ap-face
of Ω tn whose conﬁguration has only a T-component. We start our study considering a T-component
with two sequences of closed vertices and one sequence of open vertices between them.
Deﬁnition 3.1. A string of open (closed) vertices is a sequence of open (closed) vertices. We say that
the string has length k if it has exactly k consecutive open (closed) vertices.
3.1. A conﬁguration with just a T-component with one string of open vertices
Suppose that the face has the conﬁguration present bellow. Let i, k 1. We have i + j + k = m,
where j is the length of the string of open vertices that is between two strings of consecutive closed
vertices with lengths i and k, respectively:
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H1 • • • ◦ ◦ ◦ ◦ • • • H2
When j = 0 the p-face coincide with the conﬁguration of the polytope Ω tm and this study has
already been done, [5,8]. Therefore, from now on, we consider j > 0.
Let Pm be the path that has the same shape of the previous T-component, that is, the path with
i + j + k = m vertices.
The next proposition gives the number of vertices contained in the previous p-face.
Proposition 3.1. The number of vertices contained in the face that has only a T-component with the
previous conﬁguration is:
. f0(Pi+k) if j is even
. f0(Pi+k−1) + f0(Pi−1)f0(Pk−1) if j is odd.
Proof. In order to construct the vertices of the p-face and bearing in mind its nature, that is, a vertex
is identiﬁed as a bicolored subgraph whose diameter is at most one, (cf. [5]), the strings of the i initial
and the k ﬁnal vertices of the bicolored subgraph can be replaced by closed vertices and/or open edges
while the string of j open vertices can only be replaced by open edges.
If j is even, we can have the following two situations. The ﬁrst one is described bellow:
· · ·︸︷︷︸ ◦ ◦ ◦ ◦ · · ·︸︷︷︸
i positions
j
2
open edges k positions
Here, we have i positions that can be occupied either by closed vertices or open edges,
j
2
open edges
followed by k positions that can also be occupied either by closed vertices or open edges. This gives
origin to f0(Pi)f0(Pk) vertices of the p-face. The second situation is:
· · ·︸︷︷︸ ◦ ◦ ◦ ◦ ◦ ◦ · · ·︸︷︷︸
i − 1 positions j+2
2
open edges k − 1 positions
In this case, we have i − 1 positions that can be occupied either by closed vertices or open edges, j+2
2
open edges followed by k − 1positions that can be occupied either by closed vertices or open edges.
This gives origin to f0(Pi−1)f0(Pk−1) vertices of the p-face.
Therefore, when j is even the total number of vertices of the p-face with the previous conﬁguration
is:
f0(Pi)f0(Pk) + f0(Pi−1)f0(Pk−1) = fi+1fk+1 + fifk = fi+k+1 = f (Pi+k).
Consider now that j is an odd number. We also have two cases. The ﬁrst one is the following:
· · ·︸︷︷︸ ◦ ◦ ◦ ◦ ◦ ◦ · · ·︸︷︷︸
i − 1 positions j+1
2
open edges k positions
In this case we have i − 1 positions that can be occupied either by closed vertices or open edges;
j+1
2
open edges followed by k positions that can be occupied either by closed vertices or open vertices.
This will origin f0(Pi−1)f0(Pk) vertices of the p-face. The second case is:
· · ·︸︷︷︸ ◦ ◦ ◦ ◦ ◦ ◦ · · ·︸︷︷︸
i positions
j+1
2
open edges k − 1 positions
Here, we have i positions that can be occupied by closed vertices or open edges,
j+1
2
open edges
followed by k − 1 positions that can be occupied by closed vertices or open edges. This gives origin to
f0(Pi)f0(Pk−1) vertices of the p-face.
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Therefore,when j is an oddnumber the total number of vertices of thep-facewith this conﬁguration
is:
f0(Pi−1)f0(Pk) + f0(Pi)f0(Pk−1) = fifk+1 + fi+1fk
= fifk+1 + (fi + fi−1)fk
= fifk+1 + fi−1fk + fifk
= fi+k + fifk
= f0(Pi+k−1) + f0(Pi−1)f0(Pk−1). 
Example 3.1. Suppose that we have a 4-face in which conﬁguration has only a T-component as the
following:
• • • ◦ ◦ • •
From Proposition 3.1 the p-face has f0(P3+2) = f0(P5) = 8 vertices. The referred vertices are:
H1 • • • ◦ ◦ • • H2
H1 • • • ◦ ◦ ◦ ◦ H2
H1 • ◦ ◦ ◦ ◦ • • H2
H1 • ◦ ◦ ◦ ◦ ◦ ◦ H2
H1 ◦ ◦ • ◦ ◦ • • H2
H1 ◦ ◦ • ◦ ◦ ◦ ◦ H2
H1 • • ◦ ◦ ◦ ◦ • H2
H1 ◦ ◦ ◦ ◦ ◦ ◦ • H2
Example 3.2. Suppose that we have a 3-face that has in its conﬁguration only a T-component with
the following conﬁguration:
• • ◦ ◦ ◦ • •
From Proposition 3.1 the number of vertices of the p-face is:
f0(P2+2−1) + f0(P2−1)f0(P2−1) = f0(P3) + f0(P1)f0(P1) = 4.
The referred vertices are:
H1 • • ◦ ◦ ◦ ◦ • H2
H1 ◦ ◦ ◦ ◦ ◦ ◦ • H2
H1 • ◦ ◦ ◦ ◦ • • H2
H1 • ◦ ◦ ◦ ◦ ◦ ◦ H2
Corollary 3.2. The number of vertices of a p-face, Fp, of a polytope that has in its conﬁguration only a
T-component with only one open vertex that occupies the position immediately after (or before) to an
endpoint is f0(Pp+1).
Proof. As j = i = 1, the conﬁguration of the T-component is
• ◦ • • • • •
Note that the T-component has p + 2 vertices where p − 1 of them are inner entries. It results from
Proposition 3.1 that, as j is odd, the number of vertices of the p-face is:
f0(P1+p−1) + f0(P1−1)f0(Pp−1) = f0(Pp+1). 
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3.2. A conﬁguration with just a T-component with two strings of open vertices
Consider now that the p-face has in its conﬁguration only a T-component where, from the left to
the right, we have a string of closed vertices with length i1, a string of open vertices with length j1, a
string of closed vertices with length k, a string of open vertices with length j2 and ﬁnally a string of
closed vertices with length i2.
• • • ◦ ◦ ◦ ◦ • • • ◦ ◦ ◦ • • • •
︸︷︷︸ ︸︷︷︸ ︸︷︷︸ ︸︷︷︸ ︸︷︷︸
i1 j1 k j2 i2
We can state the next proposition that gives the number of vertices contained in the face that has the
conﬁguration described above.
Proposition 3.3. The number of vertices contained in the face that has only a T-component with the
previous conﬁguration is
– for k > 1,
. f0(Pi1+k+i2) if j1 and j2 are even numbers,
. f0(Pi1−1)f0(Pi2−1)f0(Pk−2) + f0(Pi2−1)f0(Pi1+k−2) + f0(Pi1−1)f0(Pi2+k−2) + f0(Pi1+i2+k−2)
if j1 and j2 are odd numbers,
. f0(Pi1+k+i2−1) + f0(Pi2−1)f0(Pi1+k−1) if j1 is even and j2 is odd,
. f0(Pi1+k+i2−1) + f0(Pi1−1)f0(Pi2+k−1) if j1 is odd and j2 is even,
– for k = 1,
. f0(Pi1+i2+1) if j1 and j2 are both even,
. f0(Pi1)f0(Pi2+1) + f0(Pi1−1)f0(Pi2−1) if j1 is even and j2 is odd,
. f0(Pi1+1)f0(Pi2) + f0(Pi1−1)f0(Pi2−1) if j1 is odd and j2 is even,
. f0(Pi1−1)f0(Pi2+1) + f0(Pi1)f0(Pi2−1) if j1 and j2 are odd numbers.
Proof. When we construct the vertices contained in the p-face the strings of open vertices give origin
to open edges. Therefore we have to consider two different hypothesis: j1 and j2 have the same parity
or j1 and j2 have different parities.
Firstly suppose that k > 1.
∗ If j1 and j2 are both even numbers, we can consider the following four situations:
· · ·︸︷︷︸ ◦ ◦ ◦ ◦ · · ·︸︷︷︸ ◦ ◦ ◦ ◦ · · ·︸︷︷︸
i1 positions
j1
2
open edges k positions
j2
2
open edges i2 positions
· · ·︸︷︷︸ ◦ ◦ ◦ ◦ · · ·︸︷︷︸ ◦ ◦ ◦ ◦ · · ·︸︷︷︸
i1 − 1 positions j1+22 open edges k − 1 positions j22 open edges i2 positions
· · ·︸︷︷︸ ◦ ◦ ◦ ◦ · · ·︸︷︷︸ ◦ ◦ ◦ ◦ · · ·︸︷︷︸
i1 positions
j1
2
open edges k − 1 positions j2+2
2
open edges i2 − 1 positions
· · ·︸︷︷︸ ◦ ◦ ◦ ◦ · · ·︸︷︷︸ ◦ ◦ ◦ ◦ · · ·︸︷︷︸
i1 − 1 positions j1+22 open edges k − 2 positions j2+22 open edges i2 − 1 positions
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The previous cases lead, respectively, to the following numbers of vertices of the p-face:
f0(Pi1)f0(Pk)f0(Pi2), f0(Pi1−1)f0(Pk−1)f0(Pi2), f0(Pi1)f0(Pk−1)f0(Pi2−1) and f0(Pi1−1)f0(Pk−2)f0(Pi2−1).
Therefore, the number of distinct conﬁgurations of the vertices contained in the respective p-face
is:
f0(Pi1)f0(Pk)f0(Pi2) + f0(Pi1−1)f0(Pk−1)f0(Pi2)+ f0(Pi1)f0(Pk−1)f0(Pi2−1) + f0(Pi1−1)f0(Pk−2)f0(Pi2−1)= (fi1+1fk+1 + fi1 fk)fi2+1 + (fi1+1fk + fi1 fk−1)fi2= fi1+k+1fi2+1 + fi1+kfi2= fi1+k+i2+1= f0(Pi1+k+i2).
∗ If j1 is even and j2 is odd, we can obtain the following four situations:
· · ·︸︷︷︸ ◦ ◦ ◦ ◦ · · ·︸︷︷︸ ◦ ◦ ◦ ◦ · · ·︸︷︷︸
i1 positions
j1
2
open edges k − 1 positions j2+1
2
open edges i2 positions
· · ·︸︷︷︸ ◦ ◦ ◦ ◦ · · ·︸︷︷︸ ◦ ◦ ◦ ◦ · · ·︸︷︷︸
i1 positions
j1
2
open edges k positions
j2+1
2
open edges i2 − 1 positions
· · ·︸︷︷︸ ◦ ◦ ◦ ◦ · · ·︸︷︷︸ ◦ ◦ ◦ ◦ · · ·︸︷︷︸
i1 − 1positions j1+22 open edges k − 2 positions j2+12 open edges i2 positions
· · ·︸︷︷︸ ◦ ◦ ◦ ◦ · · ·︸︷︷︸ ◦ ◦ ◦ ◦ · · ·︸︷︷︸
i1 − 1 positions j1+22 open edges k − 1 positions j2+12 open edges i2 − 1 positions
Each one of these cases will rise to f0(Pi1)f0(Pk−1)f0(Pi2), f0(Pi1)f0(Pk)f0(Pi2−1), f0(Pi1−1)f0(Pk−2)f0
(Pi2) and f0(Pi1−1)f0(Pk−1)f0(Pi2−1) vertices of the p-face, respectively.
Therefore, using same reasoning, the number of distinct conﬁgurations of the vertices that are
contained in the p-face is:
f0(Pi1)f0(Pk−1)f0(Pi2) + f0(Pi1)f0(Pk)f0(Pi2−1)
+ f0(Pi1−1)f0(Pk−2)f0(Pi2) + f0(Pi1−1)f0(Pk−1)f0(Pi2−1)
= f0(Pi1+k−1)f0(Pi2−1) + f0(Pi1+i2+k−1)
∗ If j1 is odd and j2 is even, changing in this last expression i1 by i2 and vice versa, the number of
the vertices of the p-face is
f0(Pi2+k−1)f0(Pi1−1) + f0(Pi1+i2+k−1)
∗ If j1 and j2 are both odd numbers, we use similar reasoning to obtain the desire expression.
Now we will study the remaining case.
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Let k = 1, i1, i2  1 and the representation of the T-component is:
• • • ◦ ◦ ◦ ◦ • ◦ ◦ ◦ • • •
We split the proof into four subcases:
∗ if j1 and j2 are both even, the number of vertices contained in the p-face is:
f0(Pi1)f0(Pi2) + f0(Pi1−1)f0(Pi2) + f0(Pi1)f0(Pi2−1) = f0(Pi1+i2+1)
∗ if j1 is even and j2 is odd, the number of vertices contained in the p-face is :
f0(Pi1)f0(Pi2) + f0(Pi1)f0(Pi2−1) + f0(Pi1−1)f0(Pi2−1) = f0(Pi1−1)f0(Pi2−1)
∗ if j1 is odd and j2 is even, the number of vertices contained in the p-face is:
f0(Pi2)f0(Pi1+1) + f0(Pi1−1)f0(Pi2−1)
∗ if j1 and j2 are both odd the number of vertices contained in the p-face is:
f0(Pi1−1)f0(Pi2) + f0(Pi1−1)f0(Pi2−1) + f0(Pi1)f0(Pi2−1)
= f0(Pi1−1)f0(Pi2+1) + f0(Pi1)f0(Pi2−1) 
The next corollary follows immediately from the previous proposition.
Corollary 3.4. Let i1 = i2 = 1 and j1, k, j2  1. The representation of the T-component is:
• ◦ ◦ ◦ ◦ • • • ◦ ◦ ◦ •
The number of vertices contained in the face that has only a T-component in the previous conditions is
f0(Pk+2).
3.3. A conﬁguration with just a T-component with s “strings” of open vertices
Given a p-face ofΩ tn, it is important to notice what are the differences between a conﬁguration that
can be associated to a vertex that belongs to the p-face and a conﬁguration of a vertex of Ω tn which is
not a vertex of a given p-face.
In fact, all vertices contained in the p-face are vertices of Ω tn, but there are vertices of Ω
t
n that are
not vertices contained in the p-face namely, those inwhose representation it appears as closed, at least
one of the vertices that are open in the conﬁguration of the p-face.
So, a vertex V ofΩ tn is a vertex of the p-face if and only if all bicolored subgraphs of Type 1 and Type
2 of the conﬁguration of the p-face are the same as in the conﬁguration of V , and if all vertices that are
open in theT-components of the representationof thep-face still remainopen in the conﬁgurationofV .
Let us consider that the T-component has s + 1 strings of closed vertices with lengths i1, . . . , is+1,
and s strings of open vertices with lengths j1, . . . , js, placed alternately, where i1 + · · · + is+1 + j1 +· · · + js = m. Bearing inmind the previous observations, to count the number of vertices of the p-face
we proceed as follows:
(1) We count the number of vertices of Ω tm, f0(Pm) = fm+1;
(2) we must exclude the vertices of Ω tm that have in its conﬁguration at least a closed vertex in a
position of an open one of the T-component. The remaining vertices of the polytope Ω tm are
vertices of the p-face.
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Using thisprocedurewepresentanalgorithmtocount thenumberofverticesof thep-facedescribed
in the previous section. This algorithm, when s = 1 provides another way to count the number of
vertices in the p-face present in the Section 3.1.
Algorithm
The input is a bicolored subgraphwithm vertices that corresponds to the T-componentwith s = 1,
of the representation of the p-face.
step 1  Let Pj1 be the path corresponding to the string of open vertices of length j1. Compute the
number of vertices ofΩ tm, in which conﬁguration have at least a closed vertex in any position of
the vertices of Pj1 and does not have any of the open edges {i1, i1 + 1} and {i1 + j1, i1 + j1 + 1},
that is
f0(Pj1)g0(Pm\Pj1), if j1 is odd (o1)
or
(f0(Pj1) − 1)g0(Pm\Pj1), if j1 is even. (e1)
step 2  Compute the number of vertices of Ω tm, that have in its conﬁguration at least a closed
vertex in any position of Pj1 and that have in its conﬁguration the open edge {i1, i1 + 1} and
does not have the open edge {i1 + j1, i1 + j1 + 1}, that is
f0(Pi1−1)(f0(Pj1−1) − 1)f0(Pi2), if j1 is odd (o2)
or
f0(Pi1−1)f0(Pj1−1)f0(Pi2), if j1 is even. (e2)
step 3  Compute thenumberof verticesofΩ tm, thathave in its conﬁgurationat least a closedvertex
in any position of Pj1 and that have in its conﬁguration the open edge {i1 + j1, i1 + j1 + 1} and
does not have the open edge {i1, i1 + 1}, that is
f0(Pi1)(f0(Pj1−1) − 1)f0(Pi2−1), if j1 is odd (o3)
or
f0(Pi1)f0(Pj1−1)f0(Pi2−1), if j1 is even. (e3)
step 4  Compute the number of vertices of Ω tm, that have in its conﬁguration at least a closed
vertex of Pj1 and that have the two open edges {i1, i1 + 1} and {i1 + j1, i1 + j1 + 1}, that is
f0(Pi1−1)f0(Pj1−2)f0(Pi2−1), if j1 is odd (o4)
or
f0(Pi1−1)(f0(Pj1−2) − 1)f0(Pi2−1), if j1 is even. (e4)
ﬁnal step Compute the number of vertices of the p-face, that is, for j1 odd, the difference between
f0(Pm), and the sum of the expressions (e1), (e2), (e3) and (e4) and, for j1 even, is the difference
between f0(Pm), and the sum of the expressions (o1), (o2), (o3), (o4).
Recalling the examples studied in the ﬁrst subsection and applying the previous algorithm we
obtain:
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Example 3.3. The number of vertices contained in the 4-face in which conﬁguration has only the
following T-component with one string of open vertices
• • • ◦ ◦ • •
is:
f0(P7) − (f0(P2) − 1)f0(P3)f0(P2) − f0(P2)f0(P1)f0(P2)
−f0(P3)f0(P1)f0(P1) − f0(P2)(f0(P0) − 1)f0(P2) = 8.
Example 3.4. The number of vertices contained in the 3-face in which conﬁguration has only the next
T-component
• • ◦ ◦ ◦ • •
is:
f0(P7) − f0(P2)f0(P3)f0(P2) − f0(P1)(f0(P2) − 1)f0(P2)
−f0(P2)(f0(P2) − 1)f0(P1) − f0(P1)f0(P1)f0(P1) = 4.
The next algorithm provides, a way to count the number of vertices of the p-face for s 2.
For each k = 1, 2, . . . , s consider the open edges
e2k−1 =
⎧⎨
⎩
k∑
l=1
(il + jl) − jk ,
k∑
l=1
(il + jl) − jk + 1
⎫⎬
⎭
and
e2k =
⎧⎨
⎩
k∑
l=1
(il + jl),
k∑
l=1
(il + jl) + 1
⎫⎬
⎭ .
Let L = {ec , c = 1, . . . , 2s} ⊂ E(Pm). Given an open edge of L each of its vertices belongs to a
different string. One vertex belongs to a string of open vertices and the other one belongs to a string
of closed vertices, not necessarily by this order.
Algorithm
The input is a bicolored subgraph with m vertices that corresponds to a T-component of the
representation of a p-face that has only a T-component in which conﬁguration there are s strings
of open vertices with lengths j1, . . . , js and s + 1 strings of closed vertices with lengths i1, . . . , is+1,
placed alternately. We denote by Pa a path corresponding to a string of length a and by Pa\v the path
resulting from Pa deleting a terminal vertex v. Letm = i1 + · · · + is+1 + j1 + · · · + js.
Stage I. Computation of the number of vertices of Ω tm, whose conﬁguration has at least a closed
vertex in any position of the vertices of one of the Pj1 , . . . , Pjs and does not have any of the open
edges that belongs to L;
step 1  Let Pj1 , . . . , Pjs be the paths corresponding to the j1, . . . , js open vertices of the bicol-
ored subgraph. For each jk ,
if jk is odd compute:
f0(Pjk)
∏
P /=Pjk
f0(P) (3.1)
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if jk is even compute:
[f0(Pjk) − 1]
∏
P /=Pjk
f0(P) (3.2)
and sum all the values obtained.
Stage II. Computation of the number of vertices ofΩ tm, inwhose conﬁguration have at least a closed
vertex in any position of the vertices of one of the Pj1 , . . . , Pjs , and have exactly one of the open
edges that belongs to L;
step 1  For each c = 1, . . . , 2s consider ec ∈ L, and let jk = j c
2
, if c is even or jk = j c+1
2
, if c is
odd. For each c = 1, . . . , 2s
if c is odd and jk is odd compute:
f0(Pik\v)[f0(Pjk\v) − 1]
∏
P /=Pjk ,Pik
f0(P) (3.3)
or, if c is odd and jk is even compute:
f0(Pik+1\v)[f0(Pjk\v) − 1]
∏
P /=Pjk ,Pik+1
f0(P) (3.4)
if c is even and jk is odd compute:
f0(Pik\v)f0(Pjk\v)
∏
P /=Pjk ,Pik
f0(P) (3.5)
or, if c is even and jk is even compute:
f0(Pik+1\v)f0(Pjk\v)
∏
P /=Pjk ,Pik+1
f0(P) (3.6)
and sum all the values obtained.
Stage III. Computation of the number of vertices of Ω tm, whose conﬁguration has at least a closed
vertex in any position of the vertices of one of the Pj1 , . . . , Pjs , and has exactly two of the open
edgesofL. Foreachpairof edgesec1 , ec2 ∈ L. LetPc1(Po1)andPc2(Po2)be thepathscorresponding
to the strings of closed (open) vertices such that ec1 has a vertex on Pc1 (Po1) and ec2 has a vertex
on Pc2 (Po2).
step 1  If Po1 /= Po2 and Pc1 /= Pc2 compute:
f0(Pc1\v)f0(Pc2\v)
∏
P /=Pci ,Poi
f0(P) × α,
where
α =
⎧⎪⎪⎨
⎪⎪⎩
f0(Po1\v)f0(Po2\v) if Po1 , Po2 are both even,[f0(Po1\v) − 1][f0(Po2\v) − 1] if Po1 , Po2 are both odd,
f0(Po1\v)[f0(Po2\v) − 1] if Po1 is even and Po2 is odd,
f0(Po2\v)[f0(Po1\v) − 1] if Po2 is even and Po1 is odd.
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step 2  If Pc1 = Pc2 compute:
f0(Pc1\u, v)
∏
P /=Pci ,Poi
f0(P) × α,
where α as the same meaning as in the previous expression.
step 3  If Po1 = Po2 compute:
f0(Pc1\v)f0(Pc2\v)
∏
P /=Pci ,Poi
f0(P) × α,
where α =
{
f0(Po1\u, v) if Po1 is odd,
f0(Po1\u, v) − 1 if Po1 is even.
ﬁnal step Sum all values obtained in previous steps.
Stage IV. For each triplet of edges in L, we proceed with the same reasoning as in the previous
stage.
...
We continue this procedure until we reach the cardinality of L.
...
ﬁnal stage  Computation of the number of vertices of the face.
step 1  Sumall the values obtained at ﬁnal steps of stages I, II and so on; compute thedifference
between f0(Pm) and the previous sum.
3.4. A conﬁguration with  T-components
Consider now a p-face with the next conﬁguration:
H1 T1 H2 T2 · · · T H+1
For each Ti we compute the number of vertices of the face of Ω
t
n whose conﬁguration has only Ti
as T-component. We represent this number by hi.
Proposition 3.5. The number of the vertices of the described p-face is:
∏
i=1
hi (3.7)
Proof. It follows directly from
gm(T ∪ T ′) =
m∑
k=0
fm−k(T)fk(T ′), whenm = 0. 
4. Faces of lower dimension of a given 2-face ofΩtn
In this section we present the number of vertices and edges that gives origin to the 2-faces of
the tridiagonal Birkhoff polytope, Ω tn and we describe their representation in terms of bicolored
subgraphs.We denote by ω,ω 0, the number of internal vertices of a T-component.
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For the representation of a 2-face we describe the following cases:
Case 1. We have one T-component with one inner entry and two closed endpoints. Between these
closed endpoints we have ω 1. One of these is the inner entry and it can occupy all the positions of
the internal vertices as we can see in the following representation:
H1 • ◦ ◦ • ◦ • H2
Case 2.We have two T-components each onewith two closed endpoints andwithout inner entries.
Betweeneachpairof endpointswecanhaveaﬁnitenumberof internal vertices. Thebicoloredsubgraph
represented below describe this situation:
H1 • ◦ ◦ • H2 • ◦ ◦ • H3
4.1. Number and representation of vertices of a 2-face of Ω tn
In both previously cases, the T-components satisfy the conditions of Proposition 3.1 and therefore
the number of vertices of a 2-face, F , is:
• In the ﬁrst case f0(F) = f0(P3) = 3;• In the second case each T-component gives origin to f0(P2) vertices, thus, by Proposition 3.5,
the number of vertices of the 2-face is f0(F) = f0(P2)f0(P2) = 4.
Next we represent the vertices in terms of bicolored subgraphs.
Consider the bicolored subgraph given at Case 1. The number of vertices that gives origin to this
conﬁguration is three. Without loss of generality we assume that the inner entry occupies the ﬁrst
internal position, from the left to the right.
If ω = 1, the vertices that gives origin to the T-component have the following representation:
H1 • • • H2
H1 ◦ ◦ • H2
and
H1 • ◦ ◦ H2
Ifω > 1 is odd, from the previous conﬁgurations we can obtain the representation of each of the three
vertices, adding immediately to the left of the last closed vertex or open edge, the union of
[
ω−1
2
]
open
edges. We represent this union by the symbol ∼. Therefore, the representation of each of the three
vertices that gives origin to the conﬁguration of the 2-face is:
H1 • • • H2
H1 ◦ ◦ • H2
and
H1 •  ◦ ◦ H2
If ω = 2, the conﬁguration of the face results from the bicolored sum (cf. [5]) of the three vertices
represented by:
H1 • • ◦ ◦ H2
H1 • ◦ ◦ • H2
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and
H1 ◦ ◦ ◦ ◦ H2
If ω > 2 is even, from this last conﬁgurations we can obtain the representation of each of the three
vertices, adding immediately to the left of the last closed vertex or open edge, the union of ω−2
2
open
edges, whose union is represented by ∼. Therefore the conﬁguration of the three vertices that gives
origin to the face is:
H1 • •  ◦ ◦ H2
H1 • ◦ ◦  • H2
and
H1 ◦ ◦  ◦ ◦ H2
Consider now that the bicolored subgraph is given as in Case 2. In this case the 2-face results from
the bicolored sum of three of the four vertices whose representation is the following:
H1 • • H2 • • H3
H1 ◦ ◦ H2 • • H3
H1 • • H2 ◦ ◦ H3
H1 ◦ ◦ H2 ◦ ◦ H3
Here, if we have a ﬁnite number of internal vertices in each T-component, we use a similar procedure
as we did in Case 1. The representation of the four vertices are:
∗ when the numbers of internal vertices are both odd
H1 ◦ ◦  • H2 •  ◦ ◦ H3
H1 •  ◦ ◦ H2 •  ◦ ◦ H3
H1 •  ◦ ◦ H2 ◦ ◦  • H3
H1 ◦ ◦  • H2 ◦ ◦  • H3
∗ when the numbers of internal vertices are both even
H1 •  ◦ ◦ • H2 •  ◦ ◦ • H3
H1 ◦ ◦  ◦ ◦ H2 •  ◦ ◦ • H3
H1 ◦ ◦  ◦ ◦ H2 ◦ ◦  ◦ ◦ H3
H1 •  ◦ ◦ • H2 ◦ ◦  ◦ ◦ H3
∗ when the numbers of internal vertices of the ﬁrst and second T-components are respectively
odd and even
H1 ◦ ◦  • H2 •  ◦ ◦ • H3
H1 •  ◦ ◦ H2 •  ◦ ◦ • H3
H1 •  ◦ ◦ H2 ◦ ◦  ◦ ◦ H3
H1 ◦ ◦  • H2 ◦ ◦  ◦ ◦ H3
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∗ when the numbers of internal vertices of the ﬁrst and second T-components are respectively
even and odd we have a similar situation as we described above, in the upper representation of
the vertices we only change the order of the T-components.
So, in general, the number of vertices of a face ofΩ tn is three or four and it is equal to the number of
closed vertices (closed endpoints plus inner entries) that can be present in the T-components of the
representation of the 2-face.
4.2. Edges of a 2-face of Ω tn
As the number of edges of a 2-face is equal to the number of its vertices, the number of edges of
a 2-face of Ω tnis three or four and the faces are triangles or quadrilaterals. When the face has in its
conﬁguration the T-component described at Case 1 it has the three vertices present at subsection 4.1.
and the following three edges:
H1 • • • H2
H1 • • • H2
and
H1 • ◦ • H2
Without loss of generality, here, we considered the simplest situation. Similarly, when ω > 1, we
obtain the general conﬁgurations of the three edges of the face.
The bicolored subgraphs present at Case 1 results from three vertices and three edges. Therefore,
the faces that are associated to them are triangles.
If the representation of the 2-face contains the bicolored subgraph given by Case 2, we have a face
with four vertices and consequently with four edges. These last ones, in the simplest situation, are
represented by:
H1 • • H2 • • H3
H1 ◦ ◦ H2 • • H3
H1 • • H2 ◦ ◦ H3
H1 • • H2 • • H3
Similarly, whenω > 1, we obtain the conﬁguration of the four edges of the face. The faces that are
associated to these bicolored subgraphs are quadrilaterals.
So we can state the following proposition:
Proposition 4.1. A 2-face of Ω tn is a triangle or a quadrilateral.
5. Faces of lower dimension of a given cell ofΩtn
Now we will study the elements (vertices, edges and faces) of a 3-face of a tridiagonal Birkhoff
polytope. As p = 3 we have, from Proposition 2.1 that the total number of different conﬁgurations, in
number of T-components, to obtain a 3-face of Ω tn is 3 and their representations are:
Case 1.one T-component with two closed endpoints and two inner entries;
Case 2.two T-components each of themwith two closed endpoints and one of themwith one inner
entry;
Case 3. three T-components with two closed endpoints and without inner entries.
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As in the previous section, we can have in each T-component a ﬁnite number of open internal
vertices, but ﬁrst we consider the simplest situation: the T-component does not have open vertices.
Suppose that the T-component has the conﬁguration as in Case 1.
– If all internal vertices are inner entries the conﬁguration of the cell is:
H1 • • • • H2
In this case the cell has the “same elements" asΩ t4, i.e. f0(F) = f0(P4) = 5, and its conﬁgura-
tion is obtained from the bicolored sum of at least three of the following ﬁve vertices:
H1 • • • • H2
H1 ◦ ◦ • • H2
H1 • • ◦ ◦ H2
H1 • ◦ ◦ • H2
H1 ◦ ◦ ◦ ◦ H2
Applying the adjacency criterium, (cf. [5]), to these vertices we ﬁnd eight edges, and ﬁve faces.
Attending to Section 4, four of these faces are trilateral and one of them is a quadrilateral. This
cell is a pentahedron.
Suppose that the T-component presents on the conﬁguration of the cell has internal open
vertices. If we have one internal open vertex, it can be adjacent to an endpoint or not:
∗ if the internal open vertex is adjacent to an endpoint, the conﬁguration of the cell is
H1 • ◦ • • • H2
and, attending to Proposition 3.1,
f0(F) = f0(P4)
and we are in the previous situation: it results a pentahedron.
∗ if the internal open vertex is not adjacent to an endpoint the cell has the following conﬁgura-
tion:
H1 • • ◦ • • H2
Bearing in mind Proposition 3.1,
f0(F) = f0(P3) + f0(P1)f0(P1) = 4.
The previous conﬁguration is obtained from three of the following four vertices:
H1 • • ◦ ◦ • H2
H1 • ◦ ◦ • • H2
H1 ◦ ◦ ◦ ◦ • H2
H1 • ◦ ◦ ◦ ◦ H2
This vertices are pairwise adjacent and we have four 2-faces, all of them are trilateral. This cell
is a tetrahedron.
– If ω > 1, bearing in mind Propositions 3.1 and 3.3, the remain possibilities in this case will be
similar to the previous ones.
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Suppose now that we are in Case 2. In this case, if the T-components do not have open internal
vertices, its conﬁguration is:
H1 • • • H2 • • H3
and, by Proposition 3.5, the number of vertices of the cell is f0(F) = f0(P3)f0(P2) = 3 × 2 = 6. They
correspond to ﬁve faces: the twoﬁrst ones are trilateral and the three last ones are quadrilateral, whose
conﬁgurations are the following:
H1 • ◦ ◦ • ◦ ◦ • H2 ◦ ◦  ◦ ◦ H3
H1 • ◦ ◦ • ◦ ◦ • H2 •  • H3
and, if in the ﬁrst T-component ω is even
H1 • ◦ ◦ • • H2 • ◦ ◦ • H3
or, if in the ﬁrst T-component ω is odd
H1 •  • • H2 • ◦ ◦ • H3
H1 ◦ ◦  • • H2 • ◦ ◦ • H3
In this case, the cell is a pentahedron.
Suppose, now, that we are in Case 3. If in all T-components, ω = 0, the conﬁguration of the cell is:
H1 • • H2 • • H3 • • H4
Independently of thenumber of the internal openvertices that canbepresent in each T-component,
each of these corresponds to f0(P2) = 2 conﬁgurations. Therefore, by Proposition 3.5,wehave 2 × 2 ×
2 = 8 vertices.
They correspond to six faces, each of them is a quadrilateral. In this case the cell is a hexahedron.
In conclusion, the cells of the tridiagonal Birkhoff polytope canonly be: tetrahedrons; pentahedrons
with four triangular faces and one quadrilateral face, pentahedronswith two triangular faces and three
quadrilateral faces; hexahedronswith sixquadrangular faces. Thereforewecanestablish the following:
Proposition 5.1. A 3-face of Ω tn, is a tetrahedron, or a pentahedron or an hexahedron.
The number of 2-faces of a cell depends on the number of closed endpoints and inner entries
and, in certain cases, it depends also of the position of the internal open vertices that can exist in its
conﬁguration.
6. Consequences of previous sections
In this section we will present some results derived from the previous ones. Firstly we illustrate
the situation with an example.
Let P7 be the path
◦ ◦ ◦ ◦ ◦ ◦ ◦
One face of Ω t7 is:
• • • • • • •
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This face results from the vertices
• • • • • • • ◦ ◦ • • • • •
V1 V2• • ◦ ◦ • • • ◦ ◦ ◦ ◦ • • •
V3 V4
In this case the face is aquadrilateral.Note that ifweconsider thebicoloredsumof theconﬁgurations
of the vertices V1 and V2 we obtain the conﬁguration of an edge, the vertices are adjacent. We have
the same situation if we consider the vertices V1 and V3. However, if we consider the bicolored
sum of the conﬁgurations of the vertices V2 and V3 we obtain the conﬁguration of the face. This
means that the previous vertices are not adjacent. In fact, if we consider the polygonal line that join
the vertices V1, V2 and V3, it is an open line.
The bicolored sums of V1 with V4 and V2 with V3 are equal to the conﬁguration of the facewhere the
vertices belong. Thismeans that V1 is an opposite vertex to V4 and that V2 is opposite to V3, concerning
to this face. As the 2-faces of Ω tn are quadrilateral or trilateral we can state:
Proposition 6.1. Let Vi and Vj with i /= j, be two vertices of a 2-face ofΩ tn. If the bicolored sum of Vi and Vj
is equal to the bicolored subgraph that represents the referred 2-face then Vi and Vj are not adjacent (they
are opposite vertices) and the face is a quadrilateral.
Proposition 6.2. Let Vi and Vj with i /= j, be two vertices of a 2-face of Ω tn. Then, Vi and Vj are adjacent
or are opposite.
Example 6.1. Consider the following vertices from Ω t7:
• • • • • ◦ ◦ and ◦ ◦ • • • • •
If we consider their bicolored sum we obtain the following bicolored subgraph
• • • • • • •
This bicolored subgraph is the conﬁguration of a 2-face, this means that the two given vertices are
opposite and the face is a quadrilateral.
From this last conﬁguration we can get the two remaining vertices of the face. Namely:
◦ ◦ • • • ◦ ◦ and • • • • • • •
Note that this last ones are opposite vertices too.
In a general way, given two vertices of Ω tn, Vi and Vj its bicolored sum is the conﬁguration of a face
F of Ω tn whose dimension is p. If p = 1 the vertices are adjacent, if p > 1 the vertices are opposite in
the p-face. Returning to Ω t7, if we consider the vertices
V1 : • • • • • • •
and
V8 : ◦ ◦ ◦ ◦ ◦ ◦ •
Their bicolored sum is
• • • • • • •
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and this is the bicolored subgraph of P7 that represents a 3-face, so this means that V1 and V8 are
opposite vertices of the referred cell.
Attending to the nature and number of the conﬁguration of the T-components that belongs to the
conﬁguration of a face we can state the following propositions:
Proposition 6.3. Every tridiagonal Birkhoff polytopewhose dimension is greater than one, has at least one
triangular face.
Proposition 6.4. Every tridiagonal Birkhoff polytope whose dimension is greater than two, has at least
one quadrangular face.
Proposition 6.5. Every tridiagonal Birkhoff polytope whose dimension is greater than three (four or ﬁve),
has at least a cell that is a pentahedron (also, hexahedron or tetrahedron).
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